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SUMMARY 

Results of random-loading fatigue tests on 125 notched cantilever- 
beam specimens and constant-amplitude fatigue tests on 46 similar speci- 
mens are presented in terms of the root-mean-square value of peak 
stresses. The results from the two sets of tests are compared on the 
basis of time to failure, where the results from the constant-amplitude 
tests are expressed in terms of an equivalent time to failure based on 
the natural period of vibration. 
lower stress levels occurred in a shorter time for the random loading 
than for the constant-amplitude loading, whereas at the higher stress 
levels failure occurred in the reverse order. A theoretical result for 
random loading is also presented and compared with the experimental 
results. The theoretical result shows good agreement with experiment 
for low values,of stress but underestimates the time to failure at the 
higher stresses. 

Compared on this basis, failure at the 

INTRODUCTION 

One of the problems encountered in aircraft today is the fatigue 
failure of structural components subjected to random loadings. Examples 
of random loadings are gust loads, buffeting loads, runway-roughness 
loads, and acoustic pressure loads in the noise fields of jet and rocket 
engines. All such loads are characterized by a continuous frequency 
spectrum over a wide range of frequencies; the shape and magnitude of 
the spectrum may be different for each of these loadings. (See, for 
example, refs. 1 to 5.  ) 

Application of a random load to a structslre produces a dynamic 
response which depends on the characteristics of the structure as well 
as on the loads. The stress histories produced in the structure may 
consist of a repetition of stress peaks of sufficient magnitude to cause 
fatigue damage. There is particular danger of fatigue failure if the 



structural characteristics are such that a natural frequency occurs in a 
region where the loading spectrum has appreciable magnitude. 

In the past, most fatigue investigations hate dealt with the appli- 
In cation of loads of constant amplitude rather than with random loads. 

order to investigate and compare fatigue properties under the two types 
of loading, an experimental investigation using 7075-T6 aluminum-alloy 
specimens was made. These specimens were notched cantilever beams and 
were tested by applying the load laterally at the tip. 
results of the present investigation were included in reference 6. 
purpose of the present paper is to present the complete set of experi- 
mental results and to describe the testing apparatus and procedure. 
presented is a calculated theoretical result for random loading based on 
the method of reference 7. 

Some of the 
The 
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ExpERllvEXU& DIJVESTIGATION 

Specimens 

The specimen configuration used i n  t h i s  investigation is  shown i n  
figure 1. Notched specimens were used t o  u t i l i z e  the e f fec t  of stress 
concentration i n  a t ta ining effect ive stress levels  of suff ic ient  magni- 
tude t o  carry out the fatigue t e s t s  i n  a reasonable length of t i m e  w i t h  
the equipment available.  
7075-T6 aluminum p la t e  f ree  from scratches; no special  polishing w a s  
used. The cantilever specimens had an unclanlped length of 3 inches, a 

width of 1 inch, and two 60' notches located 2l inches from the t i p .  

notches were 5/16 inch deep w i t h  a root radius 
The dimensions shown i n  figure 1 are nominal; the actual dimensions used 
for  computing section properties were measured fo r  each specimen t o  the 
nearest 0.001 inch before tes t ing.  

These specimens were machined from 1/4-inch 

The 

of 0.005 f 0.001 inch. 
z 
R 

Test Equipment 

Random loading tests.- The equipment used i n  the random-loading 
fatigue tests applied the desired force t o  the specimen, measured and 
recorded the force and s t r a i n  data, and indicated the time of fatigue 
failure. 
'an overall  view of the tes t  equipment i s  presented i n  figure 3 .  

A schematic diagrm of this  equipment i s  shown i n  figure 2 and 

The random force applied in ' these  t e s t s  w a s  obtained from a tape 
recording of repet i t ions of a 6.4-second sample of the noise produced by 
a 2-inch subsonic cold air  j e t .  Although t h i s  type of random-force sig- 
nal  w a s  used for these tests, an equivalent power spectrum of stress 
response could have been obtained from other types of random-force inputs 
provided that they had comparatively f l a t  spectra i n  the vicini ty  of the 
natural  frequency of the specimen and no large peaks i n  the other f re-  
quency ranges. 

In the equipment sham i n  figure 2(a),  a magnetic tape rbcorder w a s  
used t o  play back the force signal.  
w a s  frequency modulated so t h a t  wear of the magnetic tape during tes t ing  
would not a f fec t  the magnitude of the force signal. A discriminator w a s  
used t o  demodulate the force signal, and a 500-cps low-pass f i l t e r  w a s  
used t o  remove any high-frequency components traceable t o  the frequency- 
modulated car r ie r  frequency. Next, the signal passed through two stages 
of amplification and then was fed in to  an $-pound vector-force electro- 
magnetic shaker which applied the load t o  the specimen. A timer w a s  
a l so  included i n  this  c i rcu i t  t o  measure the time t o  failure. 

The recording of the force signal 
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Because it w a s  impossible t o  obtain accurate matching of impedance 
between the shaker and amplifier for  a l l  frequency components of the 
force signal between 0 and 500 cps, it w a s  necessary t o  use an oversized 
amplifier (500 w a t t s )  t o  drive the shaker without undue dis tor t ion.  The 
moving element of the shaker ha& a weight of 0.86 pound and a maximum 
t r ave l  of +I./& inch. 

Each specimen w a s  clamped i n  support blocks between p l a s t i c  shims 
which were inserted t o  re l ieve e f fec ts  of s t ress  concentration a t  the 
root .  
t i p  of the specimen by a f lexible  connector which eliminated torsional 
and longitudinal loads. (See f ig .  4. ) 
of the specimen w i t h  the shaker attached w a s  about 119 cps. 

(See f ig s .  1 and 4 . )  The shaker drive co i l  w a s  connected t o  the 

The fundamental natural  frequency 

The equipment shown i n  figure 2(b) was  used t o  measure and record 
the current i n  the shaker drive co i l  (proportional t o  the force applied 
t o  the shaker drive co i l )  and the output of a s t r a in  gage mounted on the 
specimen. 
root-mean-square thermocouple, m e t e r  and a l so  recorded on magnetic tape. 
Provision w a s  a l so  made t o  apply a bown calibration signal t o  the meter 
and the tape recorder. 
the force and s t r a in  signals. 

These force and s t r a in  signals were amplified and read on a 

A cathode-ray oscillograph w a s  used t o  monitor 

A failure-detection c i r cu i t  w a s  a l so  included i n  the tes t ing  appara- 
tus .  
t o  the specimen actuated a relay which turned off the power t o  a l l  equip- 
ment. Provision w a s  a l so  made t o  bypass the relay so that the equipment 
could be operated without crack-detector w i r e s  i f  so desired. 

In  t h i s  c i rcui t ,  the breaking of a crack-detecting w i r e  cemented 

Constant-amplitude-loading tes t s . -  For the par t  of the experimental 
investigation with constant-amplitude loading, bending t e s t s  were carried 
out i n  the fatigue machine shown i n  figure 5 .  In  t h i s  machine, a sinus- 
oidal  force w a s  produced by an unbalanced rotat ing mass which rotated at  
a constant speed of 1,800 r p m .  The machine had a counter which recorded 
the number of stress cycles applied and a switch that turned the machine 
off upon specimen failure. 
ure 6. 
and the machine attachment allowed only l a t e r a l  forces t o  be applied at  
the t i p .  The root-mean-square value of stress i n  the specimen w a s  meas- 
ured w i t h  the same equipment ( f ig .  2(b)) described fo r  the random-loading 
tests. The s t r e s s  could a l so  be obtained from the calibrated eccentricity 
of the rotat ing w e i g h t .  T h i s  lat ter method w a s  used for  several speci- 
mens when s t r a in  gages were not applied. 

Each specimen w a s  mounted as shown i n  f ig-  
A s  i n  the previous tests, p l a s t i c  shims were used a t  the root, 

Calculation of Stresses From Measured Strains 

The stress i n  each specimen w a s  obtained from the output of a wire- 
resistance s t r a in  gage mounted a t  the notched section of the specimen. 
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(See f i g .  1.) Inasmuch as the magnitude of the s t ress  varied over the 
area covered by the s t r a in  gage, the output of the s t r a in  gage gave an 
average of the s t r a in  i n  the region of the notched section. 
f ind the relationship between the nominal s t ress  at the notched section 
and the output of the strain-gage bridge, the specimen w a s  mounted i n  a 
t e s t  f ixture  similar t o  tha t  used i n  the fatigue t e s t s ,  and a given s t a t i c  
load was applied a t  the t i p .  The strain-gage-bridge output i n  vol ts  was 
used in  conjunction with the calculated surface-bending s t r e s s  at the 
notched cross section t o  obtain a stress-calibration factor.  The calcu- 
la ted  s t r e s s  w a s  based on beam properties at  the notch, and the e f fec t  
of s t ress  concentration was neglected. 
calibration factor was used t o  obtain root-mean-square values of nominal 
stress *om the measured root-mean-square value of the bridge output. 

I n  order t o  

For the fatigue tes t s ,  the s t ress  

Test Procedure and Results 

Random loading tes ts . -  In this  investigation, 123 specimens were 
tes ted t o  fa i lure  at zero mean s t ress  and various levels of root-mean- 
square s t ress .  
square value of force w a s  adjusted t o  give the desired root-mean-square 
value of s t r e s s  and w a s  held constant during the remainder of the t e s t .  
A s  soon as  possible a f t e r  the t e s t  w a s  started,  a 43-second sample of 
each of the signals was recorded on magnetic tape. The t e s t  was con- 
tinued u n t i l  complete fa i lure  of the specimen took place. 
fa i lure  w a s  then recorded. 

A t  the start of the t e s t  on each specimen, the root-mean- 

The time t o  

The characterist ics of the force input and s t ress  output are  shown 
i n  figure 7. Two-second records of the force and s t ress  time his tor ies  
a re  shown i n  figure 7(a) for  a specimen tes ted a t  a root-mean-square 
s t r e s s  of 3,740 ps i .  The force shown i n  t h i s  figure i s  the input force 
applied t o  the vibrating system; tha t  is, the force applied a t  the shaker 
drive co i l .  The corresponding power spectra are  shown i n  figure 7(b) f o r  
the force signal and i n  7(c) for  the s t ress  signal; the magnitudes are  
given on logarithmic ver t ica l  scales. 
ure 7(c) indicates that the vibrating system w a s  lightly damped. 

The stress spectrum shown i n  f ig-  

I n  order t o  check the probability distribution of the s t ress ,  an 
electronic counter was used t o  count the number of times i n  10 seconds 
tha t  the s t r e s s  would cross various levels w i t h  positive slope. For 
example, the r e s d t s  f o r  a specimen w i t h  a root-mean-square s t r e s s  of 
4,330 ps i  are  given by the t e s t  points of figure 8. Each t e s t  point 
represents the average of f ive readings and gives the average number of 
times per second that the s t ress  passes through tQe value given by the 
abscissa with positive slope. The solid curve, based on a Gaussian proc- 
ess  for a l igh t ly  damped system, shows the expected number of times per 
second tha t  the stress w i l l  pass through a given value w i t h  positive 
slope. For the experimental resul ts ,  the average number of crossings 
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per second with posit ive slope are seen t o  be nearly the same as the 
expected number of crossings per second with posit ive slope for  a Gaussian 
dis t r ibut ion of stress;  therefore, the probability distribution of the 
s t r e s s  fo r  the experimental resu l t s  w a s  considered t o  be nearly Gaussian. 

The resu l t s  of the 125 random-loading tests a re  given i n  figure 9 
i n  terms of the quantit ies measured i n  the tests, that is, the root-mean- 
square nominal s t r e s s  and the time t o  fa i lure .  
ure i s  a curve drawn through the average values of the tes t  resu l t s .  
Note tha t  the t e s t  points shown here have less scat ter  than i s  usual fo r  
most fatigue test  resu l t s .  

Also shown on t h i s  fig- 

Constant-amplitude-loading tests.- Constant-amplitude-loading tests 
were made on 46 specimens a t  various s t r e s s  amplitudes and zero mean 
s t r e s s .  Before the test on each specimen w a s  started,  the amount of 
eccentricity of the rotat ing weight i n  the tes t ing  machine w a s  adjusted 
t o  give the desired stress level.  
mens are presented i n  figure 10 i n  which the number of s t ress  reversals 
fo r  fa i lure  is  shown as a function of s t ress  amplitude. Also shown is  
a curve drawn through the average values of the t e s t  resu l t s .  The t e s t  
data were limited t o  the capacity of the tes t ing  machine; however, infor- 
mation a t  the higher stress levels w a s  desirable for use i n  theoret ical  
calculations. 
represents an extrapolation based on fatigue r e su l t s  of other notched 
specimens of similar material. 

The fatigue resu l t s  f o r  the 46 speci- 

Consequently, the dashed par t  of the curve of figure 10 

THEORETICAL CALCULATION 

A theoret ical  calculation of the probable t i m e  t o  fa i luse fo r  a 
random type of loading i s  based on a theory given i n  reference 7. 
t h i s  theory, based on Miner's rule  f o r  cumulative fatigue damage (ref. 8), 
the t i m e  t o  failure Tf i n  seconds i s  given by: 

In  

where N ( a )  is  the number of cycles t o  failure fo r  s t r e s s  reversals with 
an amplitude a, and P,(u)du i s  the probable number of stress reversals 
per second with amplitudes between a and u + da. 
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In reference 7, the assumption was made that Pm(CJ)do, for a Gaussian 
probability distribution, is equal to the number of peaks per second 
with amplitudes between [I and CJ + do. The expression for P,(a) 
then becomes 

where 

and 

w,(f)df = CJ 

I 
$0 "" - - 1.631~ Lrn f4w,( f ) df 

in which wa(f) is the power spectral density of stress, f is fre- 
quency, and a* is the mean square stress. 

- 

Equation (I), upon substitution of equation (2) for 
from fatigue data for the material, can be inte- 

Pm(G) and of 
the values of N ( a )  
grated to obtain the probable time to failure as a function of the root- 
mean-square stress. However, since fatigue life for constant-amplitude 
tests is generally considered to depend upon stress amplitudes rather 
than upon the shape of the stress time history, it is desirable to 
express the probable time to failure in terms of the root-mean-square 
value of the peak stresses rather than the root-mean-square stress. It 
can be shown that for a Gaussian probability distribution, the relation- 
ship between the root-mean-square value of the peak stresses @ and 
the root-mean-square stress is given by 



a 

-/2 

= ~ o +  

The system considered in this investigation is lightly damped, and 
the loading consists only of a finite band of frequencies encompassing 
a natural frequency of the system. For such cases, it was shown in ref- 
erence 7 that equations (3)  can be accurately approximated by 

2 2-2 Ifoft = -4n fo u 

where fo  is the resonant frequency of the vibrating system. Substitu- 
tion of equations (5) into equations (2) and (4) yields A, 

PJa) = 0 (-m < CS < 0 )  

and 

Then equation (l), upon substitution of equations (6) and ( 7 ) ,  becomes 
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For the configuration under consideration i n  this investigation 
(where fo = 119 cps), eqmtion ( 8 ) ,  upon subst i tut  
from the average SN curve of figure 10, i s  integrat  r i c a l l y  for  

the probable time t o  fa i lure  fo r  various values of 
of calculation d i f f e r s  from that presented i n  reference 7 i n  which an 
analytical  approximation for N(a) was used in  order t o  obtain an ana- 
l y t i c a l  expression for  Tf i n  terms of an equivalent stress.) The 
numerical integration of equation (8) i s  equivalent t o  the usual method 
of computing l inear  cumulative damage by Miner's method. 

giving the probable time t o  f a i lu re  plotted against \lap2 are  shown 
by the long and short dashed curve of figure 11. 

(The method 

The resu l t s  - 

DISCUSSION OF RESULTS 

The resu l t s  of the spectral  analysis of the s t ress  response of a 
typical  specimen for  the random-loading t e s t s  presented i n  figure 7(c) 
show tha t  the specimen responds only t o  frequency components near i t s  
own natural frequency even though the power spectrum of the force input 
covered a much wider band. (See f ig .  7(b).) Thus, the specimen ac ts  
as  a narrow-band f i l t e r  a t  i t s  own natural  frequency, and changing the 
natural  frequency i n  the range of t o  200 cps i n  these t e s t s  would 
not a l t e r  appreciably the nature of the response. Bowever, changing 
the natural frequency would change the frequency of s t r e s s  response 
and thus would change the t i m e  t o  fa i lure .  The smooth nature of the 
time his tory of the s t r e s s  and the presence of beats a lso indicate that 
the specimen responds only t o  a narrow band of frequency components 
present i n  the force signal. (See f ig .  7(a).)  

The random-loading data of figure 9 are  given i n  terms of the root- 
mean-square s t ress ,  and the constant-amplitude data of figure 10 i n  terms 
of s t r e s s  amplitude. In  order t o  compare the resu l t s  of figures 9 and 10 
on the basis of peak stresses,  which are an important quantity i n  fatigue 
l i f e ,  the resu l t s  of figure 9 should be expressed i n  terms of the root- 
mean-square value of peak s t r e s s  by use of equation (7). 
noted tha t  the root-mean-square value of peak s t resses  fo r  the constant- 
amplitude t e s t s  of figure 10 is the same as the s t r e s s  amplitude. 
summary of the fatigue resu l t s  obtained i n  t h i s  investigation is  given 
i n  figure 11, where the root-mean-square value of the peak nominal 
bending stresses,  which does not include the e f fec t  of s t r e s s  concen- 
t ra t ion,  is  plotted against time t o  failure. In  t h i s  figure, the so l id  
curve i s  obtained from the average of the random t e s t  r e su l t s  from fig- 
ure 9, the dashed curve is  the average of the constant-amplitude t e s t  
resu l t s  from figure 10, and the long and short dashed curve gives the 
theoretical  calculated time t o  failure for  random loading. 

e the resu l t s  of f i  
cles t o  fa i lure  t o  

It should be 

A 

I n  order t o  
10, it was necessary t o  convert the number of 

valent time t o  fa i lure  by dividing the abscissa 
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of figure 10 by the natural frequency (119 cps). 
theoret ical  curve w i t h  the random-loading curve shows tha t  the calcu- 
la ted  time t o  failure underestimates the t i m e  t o  failure a t  the high 
s t r e s s  levels but predicts the t i m e  t o  failure f a i r l y  well a t  the low 
stress levels.  
uted t o  the f a c t  tha t  the theory neglects the effects  of residual 
stresses and strain-hardening produced by occasional large loca l  s t r e s s  
peaks on the amount of subsequent fatigue damage. It is  of in te res t  t o  
compare the random-loading curve w i t h  the constant-amplitude-loading 
curve i n  figure 11. Comparison a t  a given s t ress  leve l  indicates tha t  
random loading gives a shorter time t o  fa i lure  than constant-amplitude 
loading a t  the lower s t ress  levels and a longer t i m e  t o  fa i lure  a t  the 
higher s t r e s s  levels.  

Comparison of the 

The discrepancy a t  the high s t r e s s  levels may be a t t r i b -  

The types of fa i lure  obtained i n  the random-loading tests varied 
w i t h  s t ress  leve l  as may be seen i n  the photomicrographs of figure 12. 
Figure 12(a) shows the type of failure f o r  a root-mean-square s t r e s s  of 
12,700 psi ,  and figure 12(b) fo r  a root-mean-square s t r e s s  of 4,760 ps i .  
For each type of failure, it appears tha t  the cracks originated at the 
corners and g r e w  inwardly u n t i l  only the cross section shown by the dark 
area remained a t  the t i m e  of f i n a l  fa i lure .  The r a t e  of crack growth 
w a s  f a i r l y  slow; and i n  most of the specimens tested, there were indi- 
cations of the in i t i a t ion  of cracks before half the t o t a l  time t o  fa i lure .  

CONCLUSIONS 

Fatigue t e s t s  were made for 125 notched cantilever-beam specimens 
of 7075-~6 aluminum alloy under a random loading. Results were a l so  
obtained for  46 similar specimens under constant-amplitude loadings. 
In  both types of tes t s ,  only lateral forces were applied a t  the t i p  of 
the specimen. Comparison of the two sets of results on the basis of 
root-mean-square value of the peak nominal stresses indicated that random 
loading produces fatigue failure i n  the shorter time a t  the lower s t ress  
levels,  while a t  the higher stress levels  constant-amplitude loading 
produces failure i n  shorter t i m e .  A theoret ical  calculation based on 
Miner's cumulative damage cr i ter ion w a s  made and compared with the 
results of the j e t  noise tests. The theoret ical  resu l t  showed satis- 
factory agreement fo r  low values of stress but underestimates the t i m e  
t o  failure at the higher values of s t ress .  

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Field, Va.,  January 13, 1959. 
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Baldwin SR -4, type AD-5 
strain gage (g  x +) 

R=0.005+ 0,001 

R=0.005+0.001 I 
.3 ? 

f 

Figure 1.- T e s t  specimen. All dimensions a re  i n  inches. 
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(b) Data-measuring equipment. 
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Figure 2.- Schematic diagram of t e s t  equipment. 
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Figure 4.- 

Figure 3 .- Random-loading equipment. L-37-4372 

L-57-4373 
Specimen mounted i p  shaker for random-loading t e s t s .  



L - 37-4374 Figure 3 . -  Constant-amplitude loading equipment. 
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L-57-4376 
Figure 6.- Specimen mounted for constant-amplitude tests. 



(a) Time h is tor ies  of force 
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input and 
1 

s t r e s s  output. 
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spectral 
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(b) Power spectrum of force input.  ( c )  Power spectrum of s t r e s s  output. 

Figure 7.- Random-loading character is t ics  of force input and stress out- 
put fo r  typ ica l  specimen. 
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Average number 
of crossings per 
second with 
positive slope 

0 4,000 8,000 12,000 16,000 eqooo 
CT ,psi 

Figme 8.- Average number of crossings per second of stress level, CY, 
w i t h  posit ive slope for t e s t  w i t h  a root-mean-square s t r e s s  of 
4,330 p s i .  
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Figure 9.- Fatigue results of random-loading tests. 
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Figure 10.- Fatigue results of constant-amplitude loading tests. 
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Figure 11.- Comparison of fatigue results of random-loading tests with 
those of constant-amplitude loading tests and with theoretical ' 

results. @ = Root-mean-square value of peak nominal stress. 



22 

(a) \J 7 = 12,700 psi. 

(b) f 7 = 4,760 psi. L- 59 - 16 9 
Figure 12 .- Photomicrographs (x8) of typical specimen failures obtained 

in random-loading tests. 
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